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Anyone who has ever tried to discuss topics such as 'Infinity'
or 'Reality' knows something of the difficulty of the task
undertaken. To try to cover both of these topics in thirty
minutes is well nigh impossible. But because of the relevance
of these topics to the theme of this conference, I would like
to try to at least suggest a possible relationship and see
where it might lead us in the subsequent discussion. Further-
more, Robert Browning has said "...a man's reach should exceed
his grasp, else what's a heaven for?" So here goes.

In April of 1976 an article appeared in The American Mathematical
Monthly by Felix E. Browder entitled "The Relevance of Mathe-
matics." He states that several years earlier he had been asked
to give a lecture to an audience of undergraduates who were some-
what limited in their knowledge of mathematics. He chose to

ask the question "Is mathematics relevant, and if so, to what?"
He notes that both the terms 'mathematics' and 'relevant' have

a vagueness associated with their use that demands clarification.
Concerning 'relevant' he notes that "...the modifying clause,
'and if so, to what?' points to the basic vagueness of the cus-
tomary usage of 'relevant' by asking implicitly: What body of
values or purposes? We know that different bodies of values

or purposes have been emphasized or pursued within different
social or historical contexts, on the basis of different per-
spectives of the important aspects of the human condition."

He questions whether we have reached any consensus as to what

is 'Good' and whether we can tie together all the diverse views
into any coherent view of the human condition. He then notes
that his lecture is in a way a response to the public demand

for relevance as it relates to mathematics. He begins with Plato
and quickly concludes that "Plato's solution of the problem of
value by identifying the Good with mathematics is one that very
few of us nowadays would be willing to defend, especially in
public." However, he notes that "Mathematics itself has been
consumed over the past hundred years as well as pricked, delighted
and tormented by Cantor's great Platonic vision of the theory of
the accomplished infinite, the precise reasoned theory of in-
finite magnitudes.”" He then proceeds to define Mathematics I,
II, ITI, and IV which very briefly are as follows:

Mathematics T: Computational techniques, count-
ing, measuring and calculating.
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Mathematics II: Concepts and techniques to for-
mulate and solve problems in
other intellectual disciplines.

Mathematics III: Research--"a creative art which
works on the objective material
of given problems and concepts
by means of inventive jumps and
intuitions."

Mathematics 1IV: "...the vision of mathematics
: as the ultimate and transparent
form of all human knowledge and
practice."

"...a vision of mathematics as
the total science of intellec-
tual order, as the science of
pattern and structure.'"

He cites Alfred North Whitehead as saying:

"The notion of the importance of pattern is as
old as civilization. Every art is founded on
the study of patterns. The cohesion of social
systems depends on the maintenance of patterns
of behavior, and advances in civilization de-
pend upon the fortunate modification of such
behavior patterns. Thus the infusion of pat-
terns into natural occurences and the stability
of such patterns is the necessary condition for
the realization of the Good. Mathematics is

the most powerful technique for the understand-
ing of patterns. Here we reach the fundamental
justification for the topic of Plato's lecture
(Lecture on Good). Having regard to the immen-
sity of its subject matter, mathematics, even
modern mathematics is a science in its babyhood.
If civilization continues to advance, in the
next two thousand years, the overwhelming novel-
ty in human thought will be the dominance of
mathematical understanding."

In this paper we would like to try to utilize this pattern
approach to some ideas which we often avoid because they are
so difficult to discuss in terms of everyday experiences.

David Hilbert has been quoted as saying "From time immemorial,
the infinite has stirred men's emotions more than any other
question. Hardly any other idea has stimulated the mind so
fruitfully. Yet, no other concept needs clarification more
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than it does." (2) Hermann Weyl has said that the phrase that
might well characterize the life center of mathematics is
"Mathematics is the science of the infinite."

In this paper we wish to get first some historical perspective
on how men have viewed the infinite. We want to see how this
conpcept has changed and matured to the point that it is a use-
ful and necessary idea on which much (if not all) of our present
scientific knowledge is based. We cannot go into the history
of infinity in any great detail, but a brief look at how men
have thought about it will put the rest of what we want to say
in some perspective. Then we also want to take a brief look at
'reality'. What do we mean when we use this term? What rela-
tionship, if any, does it have with infinity? We want to see
if perhaps we might use infinity to help explain or understand
reality. We would also like to try to put these two concepts
into a religious perspective. Someone has said that a man's
religion is that on which he bets his life. Men are incurably
religious and there is no reason why we should not try to see
if there is some relationship between the kind of thinking we
do in mathematics and the religious commitments we make.

No apology is needed to discuss mathematics and religion: There
is historical precedence for relating the two. Dantzig says,

"Kepler reluctantly engaged in astronomy after
his hopes of becoming an ecclesiastic were frus-
trated; Pascal gave up mathematics tc become a
religious recluse; Descartes' sympathy for
Galileo was tempered by his faith in the author-
ity of the church; Newton in the intervals be-
tween his masterpileces wrote tracts on theology;
Leibniz was dreaming of number schemes which
would make the world safe for Christianity." (3)

With our increased knowledge today about how the human mind
operates and the vast scientific productivity that has blossomed
from reasoned thought what we need very much today is more in-
terplay between the disciplines and a reasonable effort at some
kind of coherence concerning the human condition.

I am aware that mathematical arguments have been used before to
try to prove theological beliefs. I believe it was Augustus
Demorgan who has been quoted as saying, "When a very young man,
I was frequently exhorted to one or another view of religion

by pastors and others who thought that a mathematical argument
would be irresistible. And I have heard the following more than

oOnCe: s

Since eternal happiness belonged to the partic-

ular views in question, a benefit infinitely
great, then, even if the probability of their
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arguments were small, or even infinitely small,
yet the product of the chance and the benefit
according to the usual rule, might give a re-
sult which no one in prudence ought to pass
over."

(Here we are referring to the law of mathemati-
cal expectation.)

Now I do not intend to prove anything in this paper. A quota-
tion attributed to John Dewey and which sounds very much like
him but which I have been unable to document is as follows:

"Mathematics is said to have disciplinary
value in habituating the pupil to accuracy
of statement and closeness of reasoning; it
has utilitarian value in giving command of
the arts of calculation involved in trade
and the arts; cultural value in its enlarge-
ment of the imagination in dealing with the
most general relations of things; even re-
ligious value in its concept of the infinite
and allied ideas. But clearly mathematics
does not accomplish such results, because it
is endowed with miraculous potencies called
values; it has these values if and when it
accomplishes these results and not otherwise."

Note in passing the phrase "religious value in its concept of
the infinite and allied ideas" which we want to enlarge upon

later.

Rather than prove anything we want to utilize what we

have learned and how we have learned it in mathematics to help
us cope with two difficult ideas--infinity and reality.

Cassius J. Keyser in a lecture entitled "The Role of Infinity
in the Cosmology of Epicurus" says
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"In any adequate historico-critical survey

of the role which the notion of infinity

has played in our human thinking, the thought
of many thinkers, widely distributed in time
and space, would have to be passed in review
--analyzed, understood, and appraised. Among
the questions which the critic would have to
ask and try to answer respecting each thinker
are such as these: What did he mean by in-
finity? Did he employ the term to denote a
definite concept or at best a vague and emo-
tional intuition? Were his thought and use
of it mystical, or logical and analytical, or
both? Did he regard his infinite as a fact



or as an hypothesis, and why? Was it time?
An extension of time? Space? An extension
of space? Was 1t matter or mind or both?
Was 1t physical or spiritual? Concrete or
abstract? Did he define it and, if so, did
he do it consciously? Did he think of it
as magnitude or as multitude, or both? Had
he but one infinite or many of them? If
many, were they coordinate or hierarchial?
If the latter, was the hierarchy crowned or
summitless? Was his infinite subordinate
in his thought or central and dominate? Did
he employ it consistently or confusedly?
Was its function poetic or scientific or
both? What was its relation to the modern
concept of mathematical infinity?" (4)

Obviously such an 'adequate historico-critical survey' is
impossible here. Jose A. Benardete who has tried to write
a rather complete and critical treatise on "Infinity" sug-
gests that

"the whole history of mathematics might al-
most be written around the concept of infin-
ity, the central theme being the various
postures adopted toward finitism, both pro
and con. Five major phases may be distin-
guished: (1) the Greeks; (2) the seventeenth
and eighteenth centuries with Leibniz and
Newton; (3) the nineteenth century under the
influence of Gauss; (4) Cantor; and (5) the
contemporary crisis in the foundations of
mathematics." (5)

As we proceed it might be well for us to keep in mind first
a quotation from a letter from Gauss to Schumacher in 1831.

"...I must protest most vehemently against
your use of the infinite as something con-
sumated, as this is never permitted in
mathematics. The infinite is but a 'fagon
de parler'; an abridged form for the state-
ment that limits exist which certain ratios
may approach as closely as we desire, while
other magnitudes may be permitted to grow
beyond all bounds..." (6)

Then we next look at a quotation by Cantor about whom we will

say more later.
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"It is traditional to regard the infinite as
the indefinitely growing or in the closely
related form of a convergent sequence, which
it acquired in the seventeenth century. As
against this I conceive the infinite in the
definite form of something consumated, some-
thing capable not only of mathematical formu-
lations, but of definition by number. This
conception of the infinite is opposed to
traditions which have grown dear to me, and
it is much against my own will that I have
been forced to accept this view. But many
years of scientific speculation and trial
point to these conclusions as to a logical
necessity and for this reason I am confident
that no valid objections could be raised which
I would not be in position to meet." (7)

The disturbance that Cantor's remarks created is unequalled in
the history of mathematics. It is fortunate for Cantor that
"mature reflection had thoroughly steeled him to face the on--
slaught" for mankind has not the reputation for accepting
change graciously. With all his certainty Cantor assured us
there was no such thing as the last transfinite and left mathe-
matics split basically into two contending camps presently
known as the 'formalists' and the 'intuitionists' (with apology
to the logicists). For a more complete discussion of "The
Anatomy of the Infinite" and its relationship to the "Two
Realities" I recommend to you Tobias Dantzig's excellent book
"Number, The Language of Science" from which the above quota-
tions were taken.

Man's first contact with infinity is lost in the unwritten
history of the race. Our present understanding of it seems
to be traced from the Zeno Paradoxes--one of the earliest
records of infinite sequences. Dantzig refers to this as the
"first crisis in the concept of infinity". It was almost a
century later (3rd century B.C.) that Archimedes formulated
the first concept of a limit.

The Zeno Paradoxes and Archimedes exhaustion of area are rep-
resentative of the thinking of the Greeks toward infinity.

The way in which Greek thinking dominated human thought in the
years which followed is reflected in the simple fact that we
have to wait until the 17th century for Cavaleri in 1635 to
give us the first formulation of the infinitesimal. In 1638
Galileo came up with a description of the infinite aggregate,
and Pascal gave us mathematical induction in 1654, All of this
culminated in 1677 when Newton and Leibniz made the first sys-
tematic use of infinite series. Then it was almost 200 years
before Gauss, Dedekind and Cantor utilized the now modern
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definition of an infinite set to present scientific theories
for the irrational numbers and introduced the transfinites.
David Hilbert said of Cantor's achievement with the trans-
finites that it is "...the finest product of mathematical
genius and one of the supreme achievements of purely intel-
lectual human activity." (8) With this Cantorian explanation
of the transfinites we know that there is more than one kind

of infinity. We also know that the laws we apply to finite
numbers no longer apply when working with infinite cardinali-
ties. In our discussion here most of the time we will be using
infinite in the denumerable sense, namely, that which can be
placed in a one-to-one correspondence with the natural numbers.
In some cases it may not make any difference which infinite we
use. In general we consider a set to be infinite if it can be
placed in a one-to-one correspondence with a proper subset of
itself.

This brings us far too hurriedly to the present crisis in the
foundations of mathematics which can perhaps best be character-
ized by the Russel Paradox and the Theorem of Godel. The for-
malists and the intuitionists continue their battle "...and
yet bridges stand and men no longer walk in two demensions..."

As Dantzig develops man's growing concept of number he says,

"And yet this magnificant structure was created
by the mathematicians of the last few centuries
without much thought as to the foundations on
which it rested. Is it not remarkable then,
that in spite of all the loose reasoning, all
the vague notilons an unwarranted generalizations,
so few serious errors had been committed? 'Go
ahead, faith will follow.' were the encouraging
words with which d'Alembert kept reinforcing

the courage of the doubters. As though heeding
his words, they did forge ahead, guided in their
wanderings by a sort of implicit faith on the
validity of infinite processes.

Then came the critical period: Abel and Jacobi,
Gauss, Cauchy and Weirstrauss, and finally Dede-
kind and Cantor, subjected the whole structure

to a searching analysis, eliminating the vague

and ambiguous. And what was the net result of
this. reconstruction? Well, it condemned the

logic of the pioneers, but vindicated their faith."
(9) :

He concludes by saying,
"The importance of infinite processes for the

practical exigencies of technical life can hardly
be overemphasized. Practically all applications
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of arithmetic to geometry, mechanics, physics
and even statistics involve these processes
directly or indirectly. Indirectly because
of the generous use these sciences make of
irrationals and transcendentals; directly
because the most fundamental concepts used
in these sciences could not be defined with
any conciseness without these processes.
Banish the infinite process, and mathematics
pure and applied is reduced to the state in
which it was known to the pre-Pythagoreans."
(10)

So much for our rather cursory view of infinity for the time
being. Now let's consider what we mean when we use the term
'reality'. 1Its customary use in our everyday language refers
to that which we experience through our five senses--that which
we can see, hear, touch, smell and taste. Yet rare indeed is
the person who has not also had experiences which he attributed
to his sixth sense (or call it what you will). In this paper

I would like to certainly include this in what we call reality.
As we proceed we may want to go somewhat beyond that, however,
as we consider such an idea as ultimate reality.

Dantzig asks and answers a question we now want to consider.

"How real are...infinite processes which
endow our arithmetic with this absolute
generality, which make it the instrument
of our geometrical and mechanical intui-
tion, and through geometry and mechanics
permit us to express by number the phenom-
ena of physics and chemistry? Well, if
reality be restricted to the immediate
experiences of our senses, no thinking
man, be he mathematician, philosopher or
layman, would attribute reality to the
concept." (1l1)

We are as far beyond attributing reality to the experiences of
our five senses today as the mathematics of today is to the
mathematics of the Greeks of the Classical era.

As mentioned earlier Dantzig refers to two realities. These
he calls "subjective reality" and "objective reality". The
subjective reality seems to be what could be described as the
aggregate of all the sense-impressions of an individual. As
to objective reality, the definition varies with each philo-
sophical school. In general he accepts the definition of
Poincare”: "What we call objective reality is, in the last
analysis, what is common to many thinking human beings and
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could be common to all." This definition is broad enough to
include ESP, pre-cognition, intuition and the like. It ean
lead to a sequence of experiences which might have as a bound
ultimate reality. With these two definitions in mind let us
recall that it has been said that "religion is the mother of
the sciences." So let us introduce another dimension of
reality which we will refer to as the "spiritual dimension".
In the sense that reality is that which is '"common to many
thinking human beings and could be common to all" certainly
the religious idea of a spiritual dimension can be reasonably
considered. J.B. Phillips, who makes no claim to being a
mathematician, (he is a theologian) says, "We are inclined

to think of the physical world,...as somehow real, while the
'spiritual’ is regarded as unreal and imaginary." I believe
the opposite to be true. As Paul said long ago: "The things
which are seen are temporal; but the things which are not
geen are eternal." (2 Cor. 4:18) (12) ‘Phillips says, "...the
rich variety of transitory beauty (of this world) is no more
than a reflection or a foretaste of the real and the perma-
nent."” (13)

One of the patterns of mathematical thought that has been most
productive has been that of successive approximations. Tt was
the process used by Archimedes to find areas that could be
measured in no other way. It was the genius of the develop-
ment of the calculus. It was the process used to clearly
define the irrational numbers and thus place on a relatively
secure foundation the real number system. Dantzig says that
this process has been at the very heart of the mathematical
method.

"The mathematical method reflected the uni-
verse. It had the power to produce an in-
exhaustible variety of forms. Among these
was that cosmic form which some day may em-
brace the universe in a single sweep. By
successive approximations science would
eventually attain this cosmic form, for
with each successive step it was getting
nearer and nearer to it. The very structure
of mathematics guaranteed this asymptotic
approach, since every successive generali-
zation embraced a larger portion of the
universe, without ever surrendering any of
the previously acquired territory." (19)

Now we do not want to ignore the question as to whether the
universe to which we refer is finite or infinite, nor do we
want to ignore the gap theory associated with knowledge of
the infinite, but let's pick up on the asymptotic approach
pattern and consider how it might help us relate infinity and
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reality.

has affected their validity.

Before we do we might note in passing that "mathe-
matics and experiment reign...but an all-pervading skepticism

Man's confident belief in the

absolute validity of the two methods has been found to be of an

anthropomorphic origing

both have been found to rest on articles

of faith...this validity...may rest on no firmer foundation than
the human longing for certainty and permanence." (15)

In a book entitled "The Rational and the Superrational" Cassius
J. Keyser waxes rather eloquent when he says,

"What knowledge destroys is ignorance but
not emotion...No one that has seriously
sought to understand knowledge or to know
the ultimate nature of understanding; no
one that has tried to penetrate the secret
recesses of logical implication, to thread
the inmost mazes of ideal relationships
and to feel in their essence the subtle
affinities of thought; no one that has
keenly realized the indissoluble inter-
locking of thought with thought indepen-
dently of temporal circumstance or human
purpose or will; no one that has clearly
beheld in the silent light of meditation
great cathedrals of doctrine poised in-
eternal calm above and upon the spiritual
basis of a few select ideas; no one that
thus has had a vision or even a glimpse

of abiding reality under the changeful
garment of the world; no such person can
fail...to perceive and to feel the supreme
religious emotions of reverence and love
and awe, so far from depending upon ignor-
ance, are but elevated, amplified and
deepened by the mysteries and the wonders
more and more disclosed in the brightening
light of knowledge." (16)

He goes on to state that his thesis is that '"the Rational
and reveals the Superrational." He says,
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...as rational knowledge advances, as the
light of reason spreads and intensifies,
it more and more reveals evidences and in-
timations that over and above reason's
domain, overarching and encompassing it
about, there lie regions of reality unto
which the rational nature of man indeed
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aspires, approximates and points, as unto
its ideal and over-world, but which it
can never attain, much less subdue to the
ways of common knowledge, or the familiar
forms of thought." (17)

What Keyser seems to be saying here as a mathematician seems

to be very much like what Phillips is saying as a theologian.
True reality is something we will never experience in our
time-space predicament. We can only approach it asymptotically.
We can only get glimpses of it which can give us successive
approximations of what it is really like. '"The realm of things
perceived has for its border the realm of the conceived." (18)

Time will not permit here that we explore in any detail some
of the ways in which we might utilize the concept of infinity
to help clarify certain religious or theological concepts. If
you would like to read more along this line, you may want to
take a look at Keyser's book, "The Rational and the Superra-
tional'" where in a chapter entitled "The New Infinite and the
01ld Theology" he tries to do just this at some length. For
our purposes here it will have to be sufficient to mention a
couple of areas he explores. One is in the idea of the ‘triune
God--three in one. Here he draws on the transfinites. "...we
have here three infinite manifolds...no two of which have so
much as a single element in common, and yet the three together
constitute one manifold...exactly equal in wealth of elements
to each of its infinite components.'" He hastens to add.

"Have we proved that there is a Trinity com-
posed of three components related to omne
another and to the Trinity as the dogma
asserts? No. We have proved that the con-
ception of such a Trinity...is rigorously
thinkable, perfectly possible and rational
(in the area of the transfinites)." (19)

His other examples deal with space concepts--dimensionality,
hyperspace, and modern concepts of geometry. The role of non-
Euclidean geometries in expanding our concept of space is a
classic example of our asymptotic approach to reality.

"Mathematics, even in its purest and most abstract estate, is
not detached from life...Mathematics is precisely the ideal
handling of the problems of life...which...give it its interest
and problems, and its order and rationality...what is known in
mathematics under the name of limit is everywhere in life under
the guise of some idea...The mathematical concept of invariance
and that of infinitude...what are they but mathematizations of
that which has ever been the chief of life's hope and dreams...
the finding of worth that abides, the finding of permanence in
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the midst of change, and the discovery of the presence, 1n
what seemed to be a finite world, of being that is infinite."
(20) These are the inspired words of Cassius J. Keyser who
had a vision of reality as it approached the ultimate reality
only to reach it at points at infinity.

We close with a poem (perhaps not the best metric verse you
will ever hear)--a poem written by Keyser himself.

Beneath the whole a basal zone;

Sense supports not thought alone,

For ways of Reason point above
Towards Perfect beauty, wisdom, love;

High and vast beyond compute,

A realm of Being absolute,

Supernal source of lights that glow
In radiant tremors felt below.

Reason's glory is in her Dream,

Her highest Truth and Worth supreme
Intimate and half reveal

What they are, in what we feel.

Not in the jungles of the mind
Religion's well-spring shall we find.
Not of Darkness is her might

But of the mystery of Light.

Nay, Thrill and Awe with Grace and Love
Eternal flow from Founts above
The vale of Sense and Thought's confine
To make our common life divine.

Illusion all? How are we blind
To deem illusion of the mind
The Holy Light by which we see,
The sheen of Ideality.

The Light and Soul of what we mean,
What is Felt is what is seen,

The hid Intent of thought, unfurled,
The Glory of the Overworld.

"To debate the 'existence' of such a world
were a vain dispute. In some sense, whatso-
ever quickens, lures and sustains, exists.
Aspiration is not mocked. Reason's unattain-
able ideals are the light-giving AEther of
Life. Therein is the precious and abiding
reality of the Overworld." (21)
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In the past several hundred years we have seen the Platonic
vision reborn in a more permanent form largely due to an
increased understanding of infinity and the realm of the
transfinites. Mathematics in its ultimate form as the
science of intellectual order--of pattern and structure--
has given us new insights into what reality is. In an
asymptotic way we seem to be approaching the ultimate in
the understanding of reality--the real over-world which
binds our time-space perceptions.' I hasten to add that
many of our sensory and extrasensory experiences may in
themselves appear to have no connection with the popular
view of mathematics, yet when collected and ordered sequen-
tially, the pattern of a bounded sequence emerges. Thus
reality--ultimate reality--to really know what's going on
here will only be known when we go beyond our finite pre-
dicament into the realm of the infinite.
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